We show that the synchronization of chaotic systems can be achieved by using the observer design techniques which are widely used in the control of dynamical systems. We show that local synchronization is possible under relatively mild conditions and global synchronization is possible if the chaotic system can be transformed into a special form. We also give some examples including the Lorenz, the Rössler systems, and Chua's oscillator which are known to exhibit chaotic behavior, and show that in these systems synchronization by using observers is possible.
I. INTRODUCTION
The concept of synchronization of chaotic systems may seem somewhat paradoxical since in such systems solutions starting from arbitrary close initial conditions quickly diverge and become uncorrelated. However, recently it has been shown that such synchronization is possible, see e.g., ͓1-3͔, and this subject then received a great deal of attention among scientists in many fields ͓1-9͔. One of the motivations for synchronization is the possibility of sending messages through chaotic systems for secure communication ͓4-6͔. Such synchronized systems usually consist of two parts: a generator of chaotic signals ͑drive system͒, and a receiver ͑response system͒. The response system is usually a duplicate of a part ͑or the whole͒ of the drive system. A chaotic signal generated by the drive system may be used as an input in the response system to synchronize the common signals of both systems, see e.g., ͓2͔. After the synchronization, one may add the message to the chaotic signal used for synchronization, and under certain conditions one may recover the message from the signals of the response system ͓4͔. We note that once the chaotic ''drive'' system is given, most of the synchronization schemes proposed in the literature do not give a systematic procedure to determine the ''response'' system and the drive signal. Hence most of these schemes depend on the choice of the drive system and could not be easily generalized to an arbitrary chaotic drive system.
A related problem encountered in the systems and control theory is the estimation of the states of a dynamical system by using another system, called an ''observer.'' The theory of the design of observers, although not fully exploited, is a relatively well-studied branch of system theory and is widely used in the state feedback control of dynamical systems ͓10-16͔. In this paper our aim is to show that this existing theory of observers may naturally be used in the relatively new field of synchronization of chaotic systems. In this approach, once the drive system is given, the response system could be chosen in the observer form, and the drive signal should be chosen accordingly so that the drive system satisfies certain conditions. Under some relatively mild conditions, local or global synchronization of drive and observer systems can be guaranteed. Hence this synchronization scheme offers a systematic procedure, independent of the choice of the drive system. It is our belief that the interaction between these fields may be beneficial for both of the fields.
This paper is organized as follows. In Sec. II we present some basic material for the design of observers and show that local synchronization may be possible under certain conditions, which are not very restrictive. We consider the Lorenz and Rössler systems and show that for these systems local synchronization may be possible by using the observers. We also show that some of the existing schemes for synchronization ͑e.g., ͓2,3͔͒ are related to the observer based synchronization. We also show that the proposed synchronization scheme is robust with respect to measurement noise. In Sec. III we consider a special form called the Brunowsky canonical form and by using the result of ͓12͔ show that if the chaotic system can be transformed into this form, global synchronization is possible. We also show that some of the chaotic systems ͑e.g., the Rössler system and Chua's oscillator͒ can be transformed into this form. In Sec. IV we present some numerical simulation results and finally, in Sec. V, we give some concluding remarks.
II. FULL ORDER OBSERVER
We begin with the definition of observability for a linear system, which plays an important role in modern control theory. Consider the following linear system:
where AR nϫn , CR mϫn are constant matrices, y is called the ''output'' of the system. The problem of observability is related to the computation of initial condition u͑0͒R n by only observing the output y͑•͒ over an interval of time.
Definition: ͑Observability͒ Consider the system described by ͑1͒. Two states u 0 and u 1 are said to be distinguishable if y(t,u 0 ) y(t,u 1 ) for some tу0, where y(t,u i )ϭCe
At u i , is the output y(t) corresponding to the initial condition u(0)ϭu i , iϭ1,2. The system given by ͑1͒ ͓or, in short, the pair (C,A)͔ is said to be observable if all distinct states are distinguishable ͑see, e.g., ͓14,13,15͔͒.
We next state the following well-known fact. 
where LϾ0 is a Lipschitz constant and ʈ•ʈ is the standard Euclidean norm in R n . We will use a technique proposed in ͓10͔ for the observer design. We assume that the pair (C,A) is observable. Now choose the matrix KR nϫm such that A c ϭAϪKC is a stable matrix, which is always possible since the pair (C,A) is observable, see Theorem 1. Then for any symmetric and positive definite matrix QR nϫn there exists a symmetric and positive definite matrix PR nϫn such that the following well-known Lyapunov matrix equation is satisfied:
where the superscript T denotes the transpose ͓14͔. For the system given by ͑4͒, we choose the following ''observer'' equation:
which is known as the full order observer or the Luenberger observer ͓12͔. Note that the signals yϭCu and û are available, hence, the observer given by ͑7͒ is implementable. Let us define the error of observation as eϭuϪû . By using ͑4͒ and ͑7͒ we obtain the following error equation:
Now let the symmetric and positive definite matrices P and Q satisfy ͑6͒. By using the Lyapunov function Vϭe T Pe, it can be shown that if
then we have the following:
where
and max (T), min (T) denote the maximum and minimum eigenvalues of a symmetric matrix T, respectively. For details, see ͓10͔, and for a survey on observer theory, see ͓11͔.
In the application of the observer theory given above, the main difficulty is in the Lipschitz property given by ͑5͒, which should be satisfied globally. But if ͑5͒ is satisfied, then the observer given by ͑7͒ works globally, i.e., for all e͑0͒R n , provided that ͑9͒ is satisfied. We may relax this condition as follows, but then the result ͑10͒ may hold locally, i.e., in a compact region for e͑0͒.
Lemma 1: Consider the systems given by ͑4͒ and ͑7͒. Assume that the pair (C,A) is observable, g:R n →R n is differentiable and that the following is satisfied:
where Dg͑•͒ denotes the Jacobian of g. Then there exist a matrix KR nϫm and a real number rϾ0 such that ͑10͒ holds if ʈe(0)ʈрr and ʈu(t)ʈрr, ᭙tу0.
Proof: Choose a matrix KR nϫm such that A c ϭAϪKC is a stable matrix, and choose the symmetric and positive definite matrices P and Q which satisfy ͑6͒. For RϾ0, we may take LϾ0 in ͑5͒ as
Lϭsup͕ʈDg͑u͒ʈ͉ʈuʈрR͖. ͑12͒
Now choose RϾ0 such that LϾ0 given by ͑12͒ satisfies ͑9͒. Note that since ͑11͒ holds, this is always possible. Let ʈû (0)ʈрr 1 and ʈu(t)ʈрr 2 , ᭙tу0 for some r 1 Ͼ0 and r 2 Ͼ0. By using the Bellman-Gronwall inequality, ͑5͒ and ͑7͒ ͑see e.g., ͓14,16͔, it can be proven that if r 1 and r 2 are sufficiently small, then û (t) remains bounded as ʈû (t)ʈрr 3 for some r 3 Ͼ0. Moreover, as r 1 →0 and r 2 →0, we have r 3 →0 as well.
Hence there exists a rϾ0 satisfying RϾr such that if ʈu(t)ʈрr and ʈe(0)ʈрr, then we have ʈû (t)ʈрR, hence the Lipschitz constant L given by ͑12͒ remains valid ᭙tу0.
Then it follows that ͑10͒ remains valid ᭙tу0. Remark 1: Lemma 1 states that if ͑11͒ holds, if the initial error e͑0͒ is sufficiently small and if u(t) remains in a sufficiently small region, then for the observer given by ͑7͒, the estimate given by ͑10͒ is satisfied. Since in chaotic systems the solutions which are of interest to us are bounded, this lemma might be used for local synchronization. However, the lemma does not provide an estimate on the bound r. Note that the condition given by ͑11͒ is less stringent than the Lipschitz condition ͑5͒ and ͑9͒. In applications, the differential equation given by ͑4͒ is obtained by linearization of a nonlinear system around an equilibrium point. In such cases, the function g necessarily contains at least second order terms, hence ͑11͒ is automatically satisfied.
The observer design technique given above assumes that an output y͑•͒ which is transmitted to the observer is available, see ͑4͒ and ͑7͒. However, in chaotic systems such an output is not given a priori and has to be chosen as a part of the observer design procedure. In view of the observer theory given above, obviously one should choose the output as in ͑4͒ so that the pair (C,A) is observable. ͑The observability condition may be changed to a ''detectability'' condition, which is weaker than observability. See Remark 3 and the Example 1 below͒. Moreover, for practical considerations, the dimension m should be as low as possible, since y(t)R m is the signal transmitted to the observer. Case mϭ1 is possible under certain conditions, which are given below. Note that a matrix AR nϫn is called cyclic if in its Jordan canonical form, for each eigenvalue of A there exists one and only one Jordan block. This guarantees that rank( i IϪA)ϭnϪ1 for any eigenvalue i of A.
Lemma 2: Let AR nϫn be given. Then there exists a vector C T R n such that (C,A) is observable if and only if A is cyclic.
Proof: This could easily be proven by using ͑3͒. Moreover, let 1 , . . . , p be the eigenvalues and v 1 , . . . ,v p be the corresponding eigenvectors of A. Then for any vector
Remark 2: The requirement that AR nϫn be cyclic may seem a stringent condition. This condition is satisfied if all eigenvalues of A are distinct, and in the examples given below this condition is satisfied. Moreover, in most chaotic systems, the equations depend on certain parameters, and chaotic behavior is observed when these parameters are in certain ranges. In most cases the eigenvalues depend continuously on these parameters; hence one may choose these parameters accordingly so that the system exhibits chaotic behavior and the matrix A has distinct eigenvalues. Then, by using Lemma 2, one may find a vector C T R n so that the pair (C,A) is observable.
Remark 3: For a given pair (C,A), whether the observer given by ͑7͒ satisfies ͑10͒ and Lemma 2 depends on whether the matrix A c ϭAϪKC is stable or not. For observable pairs, by Theorem 1 there always exists a matrix K such that A c is stable. For some pairs (C,A) there may exist a matrix K such that A c is stable, even if the pair is not observable. Such pairs are called ''detectable,'' and for such pairs the observer given by ͑7͒ could still be used ͓15͔.
Example 1: ͑Lorenz system͒ Consider the Lorenz system given below
The parameters Ͼ0, rϾ0 and bϾ0 are chosen so that the system exhibits chaotic behavior ͓2͔.
We may write ͑13͒ in the form given by ͑4͒ where
It follows easily that the selection of yϭc 1 x 1 ϩc 2 x 3 ͓i.e., Cϭ(c 1 0 c 2 )͔, or yϭc 1 x 2 ϩc 2 x 3 ͓i.e., Cϭ(0 c 1 c 2 )͔ yields the pair (C,A) observable for almost all values of c 1 and c 2 , provided that ͉c 1 ͉ 0, ͉c 2 ͉ 0. For actual values, ͑2͒ should be checked. For Cϭ(c 1 c 2 0) the pair (C,A) is not observable but detectable, i.e., one can easily find matrices of the form Kϭ(k 1 k 2 0) T such that AϪKC is stable. In particular, the selection of yϭx 1 ͓i.e., Cϭ͑1 0 0͔͒, or yϭx 2 , ͓i.e., Cϭ͑0 1 0͔͒ makes the pair (C,A) detectable, hence by an appropriate choice of K, one may obtain a stable matrix AϪKC and use the observer given by ͑7͒ for synchronization of chaos.
At this point we compare the observer given by ͑7͒ with some synchronization schemes proposed in ͓2͔ and ͓3͔. Consider the following system:
In ͓2͔, ͑16͒ and ͑17͒ are called the response system and in ͓3͔, ͑15͒-͑17͒ are called the response system, for the drive system given by ͑13͒. Note that here x 1 is used as the drive signal, hence according to our observer design technique, the output of ͑13͒ is yϭx 1 . By using the Lyapunov theory, it can be shown that lim t→ϱ ʈu(t)Ϫû (t)ʈϭ0, where uϭ(x 1 x 2 x 3 )
T and û ϭ(x 1 x 2 x 3 ) T , see ͓2,3͔. Note that ͑15͒-͑17͒ could be written in the form û ϭAû ϩg͑û ͒ϩKC͑uϪû ͒ϩF͑û ͒C͑uϪû ͒, ͑18͒
where A and g are given in ͑14͒, Kϭ(0 r 0) T , Cϭ͑1 0 0͒ and F(û )ϭ(0Ϫx 3 x 2 )
T . Note that AϪKC is a stable matrix with this choice. Hence, the response system given by ͑15͒-͑17͒, and hence ͑18͒, is similar to the observer given by ͑7͒ except for the last term in ͑18͒. Without this term Lemma 1 guarantees the local convergence of the error. However, due to the special structure of this term, now we can prove global ͑exponential͒ convergence of the error. Due to the special structure of this term, the error equation now becomes
Note that A c is a stable matrix, hence the Lyapunov equation ͑6͒ has a symmetric positive definite solution P. In particu- 
For the synchronization of Lorenz system, the following response system has also been proposed by ͓2,3,7͔:
Note that here x 2 is used as the drive signal, hence according to our observer design technique, the output of ͑13͒ is yϭx 2 . It could be shown that for this response system, synchronization is achieved. Note that ͑21͒ could be written in the form of ͑18͒, where A and g are as given by ͑14͒, Kϭ( 0 0) T , Cϭ͑0 1 0͒, and F(û )ϭ(0 0 x 1 ) T . Hence, the response system given by ͑21͒ and hence ͑18͒, is similar to the observer given by ͑7͒ except for the last term in ͑18͒. Without this term, Lemma 1 may guarantee the local convergence of the error. With this term, the Lemma 1 is still valid if ͉x 1 (t)͉рM 1 for some M 1 Ͼ0, provided that in ͑9͒, the left hand side is replaced by LϩM 1 . However, due to the form of F͑•͒, we can show that ͑10͒ is satisfied for some M Ͼ0 and ␣Ͼ0 provided that the solutions of ͑13͒ are bounded. To see that, define eϭ(e 1 e 2 e 3 )
T . Then, from ͑18͒ it follows that e 1 (t)ϭe
Ϫt e 1 (0), and by using this first in the equation for e 3 , and then in the equation for e 2 , we obtain exponential decay for all error components, provided that x 1 (t), x 2 (t), and x 3 (t) are bounded. Since the Lorenz system exhibits chaotic behavior for the selected set of parameters, its solutions which are of interest to us are bounded; hence this condition is satisfied.
Example 2: ͑Rössler system͒ Consider the Rössler system given below:
where the parameters aϾ0, bϾ0 and cϾ0 are chosen so that the system exhibits chaotic motion, see ͓2͔. This system may be written in the form given by ͑4͒ where
It can easily be shown that the selection of yϭc 1 x 1 ϩc 2 x 2 ϩc 3 x 3 ͓i.e., Cϭ(c 1 c 2 c 3 )͔ yields the pair (C,A) observable for almost all c 1 , c 2 , and c 3 , provided that ͉c 1 ͉ϩ͉c 2 ͉ 0. For actual values, ͑2͒ should be checked. In particular, with the selection of yϭx 1 or yϭx 2 , the corresponding pairs (C,A) are observable; hence by choosing the feedback matrix K appropriately, the observer given by ͑7͒ may achieve local synchronization. Note that with the selection of yϭx 3 , the corresponding pair (C,A) is not even detectable; hence the observer given by ͑7͒ could not be used for synchronization for this output.
In the rest of this section we show that the observer given by ͑7͒ is robust with respect to measurement noise, i.e., the synchronization error remains bounded for bounded noise. To show this, we assume that the measured output y, which is used for synchronization in the observer, is corrupted with noise n(t), hence in ͑4͒ we have yϭCuϩn. Then the error equation ͑8͒ becomes ė ϭA c eϩg͑u ͒Ϫg͑ û ͒ϪKn͑t͒, ͑24͒
where A c ϭAϪKC is a stable matrix. We assume that the noise n(t) is bounded by some n M Ͼ0, i.e., ʈn(t)ʈрn M , ᭙tу0, but arbitrary otherwise. Then the solution of ͑24͒ can be written as:
Since A c is a stable matrix, it follows that the following is satisfied for some M Ͼ0 and ␦Ͼ0:
By using ͑26͒ and ͑5͒ in ͑25͒ and after some simple integration and multiplication by e ␦t we obtain:
Now by using a generalized form of the Bellman-Gronwall inequality, see e.g., ͓16, p. 476͔ and after some simple integration and algebra we obtain:
for some constants A 1 , A 2 , and A 3 , where, in particular, we have
Now let us assume that the Lipschitz constant L is sufficiently small so that ␦ϪMLϾ0, ͓cf. ͑9͔͒. Then it follows from ͑28͒ that the synchronization error is also bounded, which implies the stability of the proposed synchronization scheme in the presence of measurement noise. Moreover, asymptotically we have ʈe(t)ʈрA 1 n M . Since A 1 is independent of n M , it follows that the smaller the bound n M , the smaller the synchronization error and in the limit n M →0, the synchronization error also asymptotically decays to zero. Hence, we may state that the proposed synchronization scheme is also efficient in this sense in the presence of noise. On the other hand, if the Lipschitz constant L is not sufficiently small but ͑11͒ holds, then a similar result holds locally; i.e., if ʈe(0)ʈ and ʈu(t)ʈ are sufficiently small, cf. Lemma 1. The proof of this fact is similar to that of Lemma 1 and is omitted here.
III. BRUNOWSKY CANONICAL FORM
In some cases, the local convergence result of the Lemma 1 could be extended to global convergence result, provided that the chaotic system given by ͑4͒ has a special form. Assume that the system is in the form ͑4͒ with
where f :R n →R is a differentiable function and that g satisfies the Lipschitz property given by ͑5͒. The form given by ͑29͒ is called the Brunowsky canonical form, and is frequently used in the control of nonlinear systems ͓12,14͔. Since the pair (C,A) is observable and g is Lipschitz, the observer given by ͑7͒ could be used for local convergence of error, provided that ͑9͒ is satisfied. However, it was shown in ͓12͔ that for any LϾ0, one can find a feedback matrix K, such that ͑10͒ is satisfied when the system is in Brunowsky canonical form. Obviously this result still works if the system can be transformed into Brunowsky canonical form by means of a diffeomorphic coordinate transformation. The details can be found in ͓12͔. Here we give a procedure to select the desired K, different than the one considered in ͓12͔.
For the design of the observer, choose 1 Ͻ0 and 2 ϭ␥ 1 , 3 ϭ␥ 2 1 , . . . , n ϭ␥ nϪ1 1 , where ␥Ͼ1. Consider the following Vandermonde matrix:
It can easily be shown that the feedback matrix Kϭ(k 1 k 2 . . . k n ) T can be appropriately chosen so that
is satisfied, where ⌳ϭdiag ͑ 1 , 2 , . . . , n ͒. Now consider the error equation given by ͑8͒, whose solution can be written as follows:
where Bϭ(0 0 . . . . 1) T and e ⌳t ϭdiag͑e 1 t ,e 2 t , . . . , e n t ͒, By taking the max norm ʈ•ʈ ϱ ͑see e.g., ͓14͔͒, we obtain
where we now assumed that ͑5͒ is satisfied with the max norm. Note that since in R n all norms are equivalent, this only affects the Lipschitz constant LϾ0. Also, in ͑33͒, we used the matrix norm induced by the max norm. By multiplying both sides of ͑33͒ by e Ϫ 1 t , using the BellmanGronwall Lemma, see e.g., ͓14͔, we obtain
Now simple calculation shows that ʈV Ϫ1 ʈ ϱ ϭG(␥) for some rational function G͑•͒, provided that ␥ and ͉ 1 ͉ are sufficiently large. Obviously once ␥Ͼ1 is chosen sufficiently large, then for any ␣Ͼ0 and LϾ0, one can choose 1 so that 1 ϩLʈV Ϫ1 ʈ ϱ рϪ␣. Hence, ͑10͒ is satisfied with M ϭʈV Ϫ1 ʈ ϱ ʈVʈ ϱ and ␣ given by the inequality stated above. Note that some chaotic systems are already in the form given by ͑4͒ and ͑29͒ ͓17,18͔; hence, the theory presented above can be directly applied for such systems. Some systems may be transformed into this form by a coordinate transformation zϭT(u), where T:R n →R n is a diffeomorphism. The details of finding such a transformation may be found in ͓12͔. Here we emphasize that for some systems this transformation may be linear, i.e., T(u)ϭTu for some invertible matrix TR nϫn , hence the required transformation is quite simple. Now assume that the matrix A given in ͑4͒ is in the following form:
where the entries given by the asterisk are arbitrary, and ␣ i 0 for iϭ1,2, . . . ,nϪ1. We also assume that g has the form given in ͑29͒. Under these conditions there exists a linear and invertible transformation TR nϫn such that after the transformation zϭTu, in the transformed variables the system is given in the form ͑4͒ and ͑29͒. We note that in this case the required transformation has the form:
hence is always invertible. Example 2: ͑revisited͒ Consider the Rössler system given by ͑22͒. Note that A given by ͑23͒ is in the form given by ͑35͒. By choosing the transformation
the Rössler system can be transformed into the form given by ͑4͒ and ͑29͒, where
Since the function f given above is differentiable, it follows that the Lipschitz condition ͑5͒ is satisfied in any compact region. Since the Rössler system exhibits chaotic behavior for certain values of the parameters a, b, and c, these chaotic solutions are bounded by a compact region, and in this region ͑5͒ is satisfied for some LϾ0. An estimate of L can be found by using ʈD f (z)ʈ, see Lemma 1. Hence by using the technique presented above, an observer for which the synchronization error satisfies ͑10͒ can be designed. Example 3: ͑Chua's oscillator͒ We consider the wellknown Chua oscillator which is given in Fig. 1 . This circuit is well studied and is known to exhibit many forms of chaotic behavior, see ͓19,20͔, and the references therein. The state equations for this circuit are given as
where x 1 ϭi 3 , x 2 ϭv 2 , x 3 ϭv 1 , Gϭ1/R. The nonlinear resistor N R is given by the characteristics i R ϭ f (v R ) where the nonlinear function f :R→R is a three segment piecewise linear function given as, ͑note that v R ϭx 3 ͒, f (x 3 )ϭG 2 x 3 ϩ0.5(G 1 ϪG 2 )(͉x 3 ϩE͉Ϫ͉x 3 ϪE͉) and G 1 Ͻ0, G 2 Ͻ0, EϾ0 are some constants, for details see, e.g., ͓20͔. Equations ͑37͒ are in the form given by ͑4͒, where
. Note that g is also in the form given by ͑29͒ and satisfies ͑5͒ globally; in fact Lϭ(1/C 1 )max͕͉G 1 ͉,͉G 2 ͉͖. Since matrix A for system ͑37͒ has the form given in ͑35͒, then by a linear transformation zϭTu, ͑37͒ can be transformed into the form given by ͑4͒ and ͑29͒. Here yϭx 1 should be chosen as output. Since g satisfies ͑5͒ globally, by using the technique given above, the synchronization can be achieved globally, i.e, ͑10͒ holds for any initial error e͑0͒.
IV. SIMULATION RESULTS
In the first simulation example, we considered the Lorenz system given by ͑13͒ and the observer given by ͑7͒. For Lorenz system, we chose the parameters as ϭ10, rϭ28 and bϭ8/3. For the observer given by ͑7͒, we used ͑14͒. For the feedback matrix, we chose Kϭ͑Ϫ11/3 253/9 0͒ T and the output is chosen as yϭx 1 , i.e., Cϭ͑1 0 0͒. Note that with this choice, AϪKC is a stable matrix. Initial conditions are chosen as x 1 ͑0͒ϭ5, x 2 ͑0͒ϭϪ4, x 3 ͑0͒ϭ5, x 1 ͑0͒ϭϪ3, x 2 ͑0͒ϭ4, x 3 ͑0͒ϭϪ2, and the resulting simulation results are given in Fig. 2 . Note that although this observer may guarantee only local synchronization, in all our simulations we observed convergence. In this particular example we have ʈe͑0͒ʈϭ13.3, which is not particularly small.
In the second simulation example, we considered the Rössler system given by ͑22͒ and the observer given by ͑7͒. For Rössler system, we chose the parameters as aϭ0.2, bϭ0.2, and cϭ5. For the observer given by ͑7͒, we used ͑23͒. For the feedback matrix, we chose Kϭ͑31/5 2 Ϫ6͒ T and the output is chosen as yϭx 1 , i.e., Cϭ͑1 0 0͒. Note that with this choice, AϪKC is a stable matrix. Initial conditions are chosen as x 1 ͑0͒ϭ5, x 2 ͑0͒ϭϪ5, x 3 ͑0͒ϭϪ4, x 1 ͑0͒ϭϪ5, x 2 ͑0͒ϭ5, x 3 ͑0͒ϭ4, and the resulting simulation results are given in Fig. 3 . Note that although this observer also guarantees only local synchronization, as in the Lorenz system, in all our simulations we observed convergence. In this particular example we have ʈe͑0͒ʈϭ16.2, which is not particularly small.
In the third simulation, we considered Chua's oscillator given in Fig. 1 . In the simulations we chose R 0 ϭ0, which does not affect the chaotic behavior, but simplifies Eqs. ͑34͒, ͓20͔. For actual values of the parameters to observe chaotic behavior, see ͓19,20͔. For these actual values, the parameters in ͑34͒ may be too large, especially the Lipschitz constant in ͑5͒ may be in the range of 10 6 , which causes problems in determining the observer. To overcome this difficulty, we first scaled the time and used ϭ(G/C 2 )t as the new independent variable and also scaled the variable x 1 by 1/G. After these changes, ͑34͒ now becomes
where ␣ϭ(C 2 /C 1 ) and ␤ϭ(C 2 /LG 2 ). Following ͓21͔, we choose the parameters as G 1 ϭϪ0.8, G 2 ϭϪ0.5, ␣ϭ8, ␤ϭ11, Eϭ1, and Gϭ0.7. As is shown in ͓21͔, with these parameters, the equations given above exhibit a double scroll type chaotic behavior, see ͓20͔. For the feedback matrix, we chose Kϭ͑121 Ϫ2800/11 Ϫ4512/11͒
T and the output is chosen as yϭx 1 , i.e., Cϭ͑1 0 0͒. Note that with this choice, AϪKC is a stable matrix. Note that here we used the procedure given in Sec. III, in particular, we chose 1 ϭϪ10, 2 ϭϪ30, 3 ϭϪ90 in the Vandermonde matrix given by ͑30͒ and K is determined by ͑31͒. Initial conditions are chosen as x 1 ͑0͒ϭ0.1, x 2 ͑0͒ϭ0.1, x 3 ͑0͒ϭ0.1, x 1 ͑0͒ϭ2, x 2 ͑0͒ϭ2, x 3 ͑0͒ϭ2, and the resulting simulation results are given in Fig. 4 . Note that in this case, according to the theory presented in Sec. III, global convergence is guaranteed. We also note that in Fig. 4 the horizontal axis denote the scaled time . Since ϭ͑G/C 2 )t, and in the Chua's oscillator the capacitors are normally chosen in nanofarad range, see ͓19,20͔; Fig. 4 shows that convergence is achieved in nanoseconds range.
In the last simulation we again considered the Rössler system given by ͑22͒ and the observer given by ͑7͒. This time we assumed that the measurement is corrupted by a noise, i.e., in ͑7͒ we assumed that yϭx 1 (t)ϩn(t). The noise n(t), which is generated by computer, is uniformly distributed and zero mean noise and its magnitude is bounded by 10 Ϫ1 , i.e., n M ϭ10 Ϫ1 in ͑28͒. The system parameters, initial conditions, and the feedback gain K are selected as in the 
V. CONCLUSIONS
Most of the synchronized chaotic systems proposed in the literature consist of two parts: a drive system which generates the chaotic signals, and a response system. Some signals called drive signals are generated by the drive system and are used in the response system to synchronize the common signals of both systems. In most of the cases, once the drive system is given, the determination of the response system and the drive signals are not systematic and one scheme proposed for a particular drive system could not be easily generalized to an arbitrary chaotic drive system.
In this paper we considered the observer based synchronization of chaotic systems. Observers are widely used in systems and control theory to estimate the states of a given system; hence they may naturally be used in the synchronization of chaotic systems. In this approach, once the chaotic drive system is given in a form ͓see ͑4͔͒, then the response system could be chosen as an observer, ͓see ͑7͔͒, provided that the output corresponding to the selected drive signal satisfies some conditions ͑i.e., observability or detectability, see Theorem 1, Remark 3͒. These conditions are not very restrictive and are satisfied by most of the chaotic systems, ͑see Lemma 2, Remark 2͒. Then we stated a general result on the local synchronization of the drive system and the observer ͑see Lemma 1͒. We showed that the proposed scheme is robust with respect to measurement noise under certain conditions. We also stated a global convergence result, provided that the system could be transformed into a special form. We also showed that some of the existing schemes for the synchronization of chaos are related to the observer based synchronization proposed in this paper. We also presented some numerical simulation results for the Lorenz, Rössler systems, and Chua's oscillator, which are known to exhibit many forms of chaotic behavior.
We note that the form of the observer given in this paper is not the only possible form. There are many observer design techniques and some of them may give better results in the synchronization of chaotic systems. This point requires further research and the results will be presented elsewhere. 
